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ABSTRACT 

A  study  is  made  of  the  operator  l[^  =  -}'"+q(2;)y  =  0,  where  y  is 
in  Lp(0,  oa)  and  satisfies  the  boundary  conditions  y(0)  =  0  and 
Lim  (ay  +  3y')  =  0,  where  a/p  need  not  be  real.  For  qCx)  real  two 

X-900 

situations  arise  depending  on  q(x).   In  the  limit  point  case  y  is  al- 
ways independent  of  cr./p,  L  is  self-adjoint  and  has  a  real  spectrum. 
In  the  limit  circle  case  L  has  a  pure  point  spectrum  which  lies  in 
the  upper  half  plane  if  Ln[  /g]  >  0  and  in  the  lower  half  plane  if 
Im[  /3j  <  0.  An  elementary  divisor  theory  for  operators  with  complete- 
ly continuous  resolvents  is  considered.  Por  q.(z)  complex,  with  |lm[q(x)j 
bounded,  the  operator  L  is  treated  by  a  perturbation  procedure  starting 
with  the  operator  L  in  which  q  (x)  =  Re[q(x)]}.  Representation  theorems 
for  some  classes  of  operators  are  also  considered. 
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LINEAP,   OSDIITAFY  DUFEREFTIAL  OPEEATOHS   CF  TEE   SEC&l^TD  CZDER 

By  R.S.    Phillips 

1,   Introduction 

This  paper*  contains  some  exploratory  material  on  the  second  order  differ- 
ential operator 

L(y)  =  -y«+  q(x)y  0  <  z  <  co 

(1)  y(0)  =  0 

lim  IcyU)  +  py«(x)l  =  0 

where  q(x)  is,  say,  piecewise  continuous  on  (0,oo)  tut  not  necessarily  real,  and 
where  the  ratio  a/3  need  not  he  real.  Ve   are  interested  only  in  y(z)  in  1^(0,  oo). 
The  houndary  condition  at  x  =  0  has  heen  chosen  as  a  matter  of  conveniencei  any 
other  real  houndfiry  condition  at  x  =  0  would  do  Just  as  well. 

Such  operators  occur  in  numerous  prohlems  in  electromagnetic  theory  when  one 
attempts  to  solve  the  prohlem  by  the  method  of  separation  of  verirhles,  A  complex 
valued  q.(x)  corresponds  to  a  conducting  medium,  whereas  a  non-real  a/3  may  corres- 
pond, for  instance,  to  a  Sommerfeld  propagation  condition  at  infinity.  A  number 
of  such  problems  relating  to  electromagnetic  radiation  and  diffraction  in  spheri- 
cally stratified  regions  are  treated  in  a  report  by  K.  I>fe.rcuvitz  [f]  .  The  need 
for  extending  the  classical  results  on  the  Sturm-Liouville  problem  to  differential 
operators  of  the  above  type  (l)  has  also  been  very  clerrly  brought  out  by  I-Iarcuvitz. 

A  precise  mea.ning  will  be  assigned  to  the  operator  (l)  in  section  two  for  the 
case  when  q(x)  is  real  valued,  and  this  will  later  (section  four)  be  extended  to 
complex  q(x).  For  real  q(x)  two  situations  arise  depending  on  the  function  q(x). 
In  the  limit  point  case  there  is  only  one  possible  interpretation  for  L  and  that 
is  independent  of  a/3  —  L  is  self-adjoint  with  a  real  spectrum.   In  the  limit 
circle  case,  L  has  a  pure  point  spectrim  which  lies  in  the  upper  half-plane  for 
Im  [_  a/3  J  <  0  and  in  the  lower  half-plane  for  Im  [_  a/3  3  -^  ^-     ^®  s^°^  "^y   example 
that  in  this  case  the  spectrum  need  not  be  confined  to  a  strip  parallel  to  the 
real  axis. 

A  rather  large  class  of  these  operators  (for  instance,  all  operators  of  the 
limit  circle  type)  have  completely  continuous  resolveni-s.  Such  operators  rjive  pure 
point  spectra  and  if  their  spectrum  contains  an  infinite  set  of  points,  these  points 
have  no  finite  point  of  condensation.   In  section  three  we  develop  an  elementary 

*  The  author  is  indebted  to  Professor  Nathan  Karcuvitz  for  niany  of  the  ideas  which 
are  developed  in  section  two  of  this  paper. 


divisor  theory  for  such  operators. 

Vi'e  next  treat  the  operator  L  for  complex  q(x).   However,  we  limit  ourselves 
to  the  case  llin'q(x)|  |  bounded.   L  is  then  the  sum  of  the  closed  linear  operator 
L  (with  q  (x)  =  R  Iq(x)|  and  the  'bounded  operator  A(y)  =  i  LnjcCx)!  y(x).  As  such 

0  0        ■  © 

L  mcy  "be.   defined  in  a  strai^^htf orward  fashion  as  L  +  A  and  treated  as  a  perturba- 
tion of  the  operator  L  .  V.'e  show,  in  fact,  that  if  L  is  self-adjoint,  then  the 
spectrum  of  L  lies  in  the  strip  llu(X)l  <  |  |a!  |  ;  whereas  if  the  spectru:^  of  L 
lies  in,  say,  the  lower  hrlf-plane,  then  the  spectrum  of  L  lies  in  the  half -plane 
Im(X)  <  I 1a| I .   It  is  also  shown  thft  if  the  resolvent  of  L  is  completely  con- 
tinuous, then  so  is  that  of  L. 

i'inally  in  section  five  wa  consider  representation  theorems.  If 
l|R(\,L)t|^  (Im(x)  -  w)~^  for  Im(\)  >  <»J  ,  as  is  often  the  case  with  operators  of 
the  type  we  are  considering,  then 

iV+oo 


=  =1 
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for  y   in  the  domain  of  L.  The  integral  converges  in  the  mean.  li'urther^  if  L  has 
a  pure  point  spectrum  of  a  rather  limited  type  we  are  able  to  establish  an 
expansion  theorem,  again  for  y  in  the  domain  of  L, 

2.  The  oT>erator  L  when  ajx)    Is  real. 

We  shall  now  give  a  precise  meaning  to  the  operator  L  for  the  case  when  q(i) 
is  real  valued.  It  is  clear  that  -y"  +  q(z),y  will  be  well  defined  if  and  only 
if  y(x)  and  y'(x)  are  absolutely  continuous  and  y(x)  and  -y"  +  q(x)  y  both 
belong  to  L  (0,oo).  We  wish  to  further  delimit  the  domain  D  of  L  so  that  for  some 
X  a  linear  bounded  operator  E(  X,L)  in  12(0, co)  exists  satisfying  the  conditions 

(2)  (XI-L)  Il(X,l)y  =  y  for  all  y  c   L^Co.oo) 

(3)  Il(X,L)(XI-L)y  =  y  for  all  y  ^  1^- 

Such  an  operator  R(X,L)  is  called  the  resolvent  of  L.   V/e  do  not  claim  that  every 
operator  must  have  a  resolvent.   V/e  shall  simply  limit  our  considerations  to  such 
operators.   ?or  one  thin,?-  such  operators  are  closed.  For  mother,  the  spectrum, 
0*(L),  of  an  operator  L  is"  defined  in  terms  of  E(X,L)  as  the  set  of  points  X  where 
no  such  bounded  operator  exists.  The  complementary  set  is  called  the  resolvent  se^, 
P(L).  Most  important,  of  course,  is  the  fact  that  the  boundpd  resolvent  is  a  very 
useful  tool  in  the  investigation  of  linear  operators. 
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The  resolvent  is  essentinlly  the  inverse  operator  for  XI  -  L.   It  is  clear 
from  (2)  thrt  the  ra:i^e  of  the  resolvent  is  contained  in  the  domoin  D  of  L  and 
fror.  (3)  that  this  ran/^e  contains  D.   Hence  the  ran^e  of  H(\,L)  is  precisely  D, 
which  is  independent  of  X.   It  further  follows  from  (2)  that  R(\,L)f  is  a  solu- 
tion of 

(^)        xy  +  y"-  q(x)  y  =  f . 

In  order  that  the  resolvent  be  well  defined,  it  is  necess.-^ry  to  pick  out  a  single 
such  solution.   This  is  accoaplished  "by  properly  delimiting  D  and  insisting  that 
the  solution  of  (^)  he  chosen  from  D.   In  order  to  obtain  any  sort  of  representa- 
tion theory  it  is  necessary  that  D  he  dense  in  L^  (0,oo). 

There  is  no  difficulty  at  the  re^nilar  end,  x  =  0,  in  delimiting  D.  Here  we 
shall  insist  that  y(0)  =  0.   This  is  a  meaningful  condition  since^as  we  have 
alread;''  noted,  any  y  in  D  must  be  absolutely  continuous  (  or  differ  from  an 
absolutely  continuous  function  on  a  set  of  measure  zero,  in  which  case  we  may 
use  the  absolutely  continuous  element  of  this  class  in  defining  the  bo-ondary 
value). 

The  condition  at  infinity  can  not  be  imposed  in  such  a  straightforward 
fashion.   It  will  be  necessary  to  go  through  the  Weyl  type  limiting  argument.  We 
first  consider  the  corresponding  operator  for  the  finite  interval  (0,b),  namely 
I^[y]  =   -y"+  (i(x)  y  0<x<b 

(5)  y(o)  =0 

«(y(b)  +  ey'(b)  =  0  . 

The  domain  H,  of  L,  is  the  set  of  functions  y(x)  on  (  0,b)  such  that  y  and  y'  are 
absolutely  continuous,  y  and  -y"  +  q(x)  y  belong  to  L^CO.b),  y(0)  =  0  and 
a  y(b)  +  B  y'Cb)  =  0.   Let  Q(x,\)   and  (J  (x,X)  be  solutions  of 

(6)  Xy  +  y"-  ci(x)  y  =  0 

satisfying 

^(0,X)  =  0  0(0, X)=  -1 

^'(0,X)  =  1  e'(o,x)  =  0. 

These  solutions  will  then  be  analytic  in  X.  Let  ^(X,b)  be  such  that 
\;,(x,X)  =  e(x,X)  +  J(X,b)  (j)(x,X)  satisfie8o<.y(b,X)  +  gq/(b,X)  =  0.  Then,  as  is 
well  known,  the  resolvent  of  L,  exists  for  all  X  for  which  ^(X,b)  is  finite 
and  is  given  by 

(8)  E(X,Ljj)f  =  y(x,X)  J  $(y,X)  f(y)dy  +  (J(x,X)  J  v(y ,  X)f  (y)dy. 


(7) 
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Now  X(^»^)  is  given  "by 

where  z  =  a/p.  Thus  J^{\^'b,z)   is  a  fractional  linear  transformation  of  the  z-plane 
onto  the  X -plane j  depending  on  "boundary  conditions  at  x  =  "b.   Since 
y5('b,\)6*  ("b.X)  -  6("b,\)0' Cb.X)  =  1,  the  transforms t ion  is  non-degenerate  and  takes 
the  closed  z-plane  onto  the  closed  X-plane  in  a  1-1  fashion.  Following  V.^eyl,  we 
know  that  as  z  traces  out  the  real  axis,  ^C/    descri"bes  a  circle  C,  .  For  Im(X)  >  0 
the  lower  half  of  the  z-plane  goes  into  the  interior  of  C,  ;  whereas  if  Im(X)  <  0, 
the  upper  half  of  the  z-plane  goes  into  the  interior  of  C,  .  Further,  for  0  <  "b '  <  "b , 
(IcC,  ,.   Hence  as  "b  — >oo  the  circles  converge  either  to  a  limit  circle  C   or  to  a 
licit  point.  For  Im(\)  >  0  and  ?.   fixed  or  a  f-'jinction  of  "b in  either  case  remain- 
ing in  the  lower  half-plane the  functions  of  X,  /^■(X.'b.z),  form  a  normal  family 

of  functions.   Hence  given  any  sequence  "b  — >oo,  there  exists  a  su"bsequence  "b   such 

that  the  ^^(X.'b   ,z)  converge  uniformly  in  every   compact  su"bset  of  Im(X)  >  0  to  a 

function  m(X)  regular  in  the  upper  half  X-plane.  Agpin  "by  the  Weyl  theory 


(10)   /j  eU.X)  +  m(X)  0(x.X)l^dx<-^|^^ 


Thus  v(x,X)  =  e(x,X)  +  m(X)  ji(x,X)  e  L^CO,  oo)  for  Im(X)  >  0. 
^   similar  situation  occurs  for  Im(X)  <  0  sind  Im(z)  >  0. 

In  the  limit  point  case  with  In(xO  >  0,  the  entire  lower  half  z-plane  goes  in- 
to the  limit  point  (or  for  Im(X)  <  0  the  upper-half  z-plane  goes  into  the  limit 
point).  The  resulting  v;/(x,X)  is  the  only  solution  of  (6)  which  lies  in  LgCO,  oo). 
It  is  therefore  reasona^ble  to  say  th^t   independent  of  how  z  vpries  with  "b  in  the 
lower  plane  (always  Im(X)  >  O),  the  resolvent  for  L  is  given  "by 

X  00 

(11)  R(X,L)f  =  \t/(x,X)  /  ii(y,X)f(y)dy  +  0(x,X) /,  ^(y,X)f  (y)dy. 

0  \ 

^hat  this  is  actually  a  resolvent  for  a  closed  operator  is  shown^for  instance,  "by 
Titchaarsh  [s].     The  operator  is  in  this  case  self -adjoint.  V/e  can  only  conclude 
that  the  non-realness  of  the  "boundary  condition  does  not  affect  the  pro"blem  in  the 
linit  point  case.  There  is  no  way  around  this  difficulty  if  we  insist  that  the  oper- 
ator L  hpve   a  resolvent  for  some  X  and  hence  that  X  y+y*«  -  q.(x)y  =  f  ha.ve  a  solu- 

0  o 

tion  for  p11  f  e  L  (O,  oo).  For  any  other  solution  is  of  the  form 

y  =  R  (f )  +  solution  of  the  homogeneous  equation, 

0 

rfhere  R     is  given  "by   (11).     To  satisfy  the  "boundary  condition  at  0,   y  must  "be 


of  the  form  R  (f )  +  a  ^(x,\  ),  and  this  lies  in  L„(0,  oo)  only  if  a  =  0.  Thus 

0  0  ^ 

R(X  ,L)  =  K  and  L  is  the  &."bove  eelf-adjoint  operator,  v.'e  concl\ade  that  the 
operator  L  can  "be  defined  in  only  one  way  in  the  linit  poin'i  case*  (and  this  de- 
finition will  "he  independent  of  the  "boundary  condition  at  infinity),  and  although 
it  can  reasona"bly  "be  associated  with  any  boundary  conditioii,  it  is  essentially  a 
real-"bound?iry  condition  operator. 

The  situation  is  different  in  the  limit  circle  case.  Here  a  non-real  bo\indary 

condition  may  "be  associated  with  a  non-self -adjoint  operator.  For  z  fixed  in  say 
the  lower  half-plane  and  Im(\)  >  0  the  -L(>>.,'b,z)  again  form  a  normal  family.  How- 
ever for  a  small  X.-neigh"borhood  in  Im(\)<  0,  the  _£(\,"b,z)  remain  outside  of  the 
area  common  to  the  limit  circles  for  all  \   in  this  neiph"borhood.  Hence  again  the 
XCX.b.z)  form  a  normal  family  (on  Im(\)  <  0  to  the  closed  j2-plane).   Hence  given 

"b^  -*  00  we  can  find  a  su"bsequence  1d_   such  that  j2-(X,  "b   ,  z)  converge  uniformly 

nc  _  \ 

in  every  compact  subset  of  [^  X.  1  Im(\)  ^  0  J   to  a  function  m(X).  Note  that  in 
the  sense  of  our  convergence,  infinity  may  be  assumed  by  m(X)  in  this  domain. 

V/e  now  examine  this  process  a  little  more  closely.   Let  us  choose  three  points 
z,  .Zp.z^  and  obtain  a  subsequence  X(X,b  ,z.)  which  converges  for  all  three  points 
and  Iin(\)  5^  0.  Several  possibilities  arise. 

1.  For  some  X  ,  say  Im(X  )  >  0,  all  three  functions  m(X  ,  z. )  are  distinct. 
Since  they  are  analytic  in  Im(X)  >  0,  they  will  continue  to  be  distinct  except  for 
at  most  a  denumerable  set  of  points  having  their  only  points  of  condensation  on  the 
closed  real  axis.  * 

Now 

(12)  M^,^)- ^C^^^i)     JL{^,zj)  -  M,z^)    _     z  -  z^   23  -  23 

i(X,z)  -  ^(X.z^)*  iC^^.Zj)  -  KX.z^)      z  -  Zg   *  ^3  ~  ^1 

r 

p'  ■*  hence  in  this  case  Ji{\,   b  ,  z)  converges  for  all  z  and  all  non-exceptional  X 
L  Im(X)  >  0] .   The  limit  function  m(X,z)  satisfies 

,^^y        m(X,z)  -  m(X,z^)   m(X,z_)  -  m(X,Z2)  _   z  -  z^   z„  -  z^ 
m(X,z)  -  m(X,Z2)   m(>^.z;o )  -  m(X,z,  )      z  -  z^   z_  -  z. 

In  other  words  m(X,z)  is  given  as  a  fractional  linear  transformation  of  the  z-plane 
onto  the  closed  m-plane  (again  for  non-exceptional  X^|]lm(X)  >0j  ). 

2.  For  no  X  flm(X)  ^  0\   are  the  in(X,z.)  distinct.  However  for  some 

X  Tsay  Im(X  )  >  o]  m(X  ,z.  )  ^   in(X  .z-)  =  m(X  ,z^).     ^ain  the  inequality  will 
persist  for  all  except  at  most  a  denumerable  set  of  points  having  their  only  points  of 

*  Note  that  if  Im(z)  >  0  the  same  argument  is  valid,  except  that  we  would  limit 
considerations  to  Im(X)  <  0. 
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condensation  on  the  closed  real  axis  [  again  Im(X)  >  0  J.  The  equality  must 
persist  for  all  Iin(\)  >  0;  otherwise  this  case  would  reduce  to  case  (l).  Since 
the  right  hand  side  of  (12)  remains  constant  (j^O)  for  z  different  from  z.  ,2„,2„, 

L       ^       J 

and  since  ^(\,  "b  ,  z  )  -  J(\,  "b  ,  z^)  -^  0  it  follows  from  (12)  that 

X(^i  "b  ,  z)  ->  m(X.,z_)  for  all  z  ^  z-i  s-nd  all  non-exceptional  X  ,  Im(X.)  >  0, 

Thus  the  limiting  fractional  linear  transformation  is  degenerate  having  the  one 
atahle  point  m(\,Zp)  and  the  one  unstable  point  m(X.,  z,  ).  Since  all  "but  at 
most  one  real  z  must  go  into  the  stable  point,  the  stable  point  is  in  any  case 
on  the  limit  circle  C  .   If  we  define  \j/(x,X)  and  the  resolvent  as  above,  the 

CO 

operator  corresponding  to  the  stable  point  will  again  be  self -ad joint. 

3.  This  is  the  completely  degenerate  case  in  which  for  all  choices  of  z. 
we  get  m(\,z- )  =  m(X.,z^)  again  for  Ia(  X)  >  0.   In  this  case  the  stable  and 
unstable  points  coincide  and  the  operator  corresponding  to  the  stable-unstable 
point  is  self-adjoint. 

Now  case  (1)  is  in  a  certain  sense  the  exception  and  will  occur  in  general 
only  for  finite  and  regular  boundaries.  A  regular  singular  boundary  will  usually 
result  in  cases  (2)  or  (3).   Consider,  for  instance,  the  case  where  x  =  0  is  a 
regular  singular  boundary.*  Here 

^(3:)  =  a_2  /^^  "*■  ^-l/x  '*'%"'■  ^1^  "*■ • 

The  indicial  equation  is 

p(p  -  1)  -  a_2  =  0  . 

Let  p^  ,  pp  be  the  roots  of  the  indicial  equation.   Let  9-^92'  '^^'^^   ^^*  ^z  ~  ^~^1' 

Thea  two  linearly  independent  solutions  of 
X  y  +  y"-.  q(x)  y  =  0 

are  given  by     -  ' 

a(x)  =  x^   [o  •+  u',x  +  -  -  -  1 

Ij.  (x)  =  x^2  1^^  ^.  ^^x  ^.  .  _  _  ^   +  c  iu(x)  log  X 

where 

(a)  Pi  -  Pg  /  integer  p,^  =  1  ,     c  =  0 

(b)  p^  =  p2  y.^  =  0   ,  c  =  1 

(c)  P^  -  p2  =  m  >  0   .  1^0  "  ^  •     ^n"  °   • 

*  ?or  convenience  we  consider  the  singularity  at  x  =  0.  The  transformation 
x'  =  l/z  reduces  this  to  our  previous  considerations. 
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In  the  liait  circle  case  J       \^{x)\      dx  <  oo,  and  J      \\j.(x)\      dx  <  oo.  Hence 

we  require  that  -  2  '^  Pp  ^  '^1* 

Now  Qix,\)  =   C^^(\)w(i,X)  +  0^2^^^^"^^'^^ 

0(x,\)  =  C^^UXx.X)  +  C^^M^ix.X)   , 

If  P,  =  integer  then  so  does  p  =  1  -  p    But  -  '2  *^  Pp  —  '^l  ^®^^  ^^^ 

Pp  =  0,  P,  =  1  and  hence  a  2  =  0.   Hence  if  a   j^  O.then  for  the  linit  circle 
ase  neither  p.  nor  P2  is  integral  valued  and  it  is  easily  seen  that 

and  this  limit  is  independent  of  z. 

On  the  other  hand  hy  allowing  z  to  vary  as  h  "becomes  infinite  it  is  possible 

to  ohtain  non-self -adjoint  operators  L  even  for  the  degenerate  cases  (2)  and  (3). 

This  is  accomplished  as  follows.  For  a  given  X   (where,  say,  Im(?.  )  >  O)  and  for 

m  e  C  (X  )  there  is  a  unique  solution  zCh)  of 
0    00  0  ) 

e(h,x^)z+«'(h,x^) 

""o  "  '  0(b,X^)z+j!5«(h,X^) 

In  this  case  zCh)  will  lie  in  the  lov/er  half -plane.   Choosing  a  converging  se- 
quence of  functions  i'CX,  "B,  zCh)),  these  functions  will  converge  uniformly  in 
every  compact  subset  of  Im(X)  >  0  to  a  function  m(x)  which  v;ill  he  holomorphic 
for  Im(X)  >  0.   If  the  z(d  )  should  happen  to  converge  to  a  limit  z  ,  then  iz 
wo-jld  "be  rea3oiia"ble  to  assign  the  operator  L  (which  we  are  a"bout  to  define)  to  the 
bimdrry  condition  associated  with  the  point  z  . 

Ve  now  investigate  the  operator  L  wit',,  domain  D  defined  as  the  range  of 
R(X.,L)  given  hy  (ll).   We  note  that  Eq.  (2)  is  satisfied  for  X  =  X  . 
Theorem  2.1.   The  domain  D  of  L  consists  of  all  functions  y(x)  on  (O, oo)  such 
that  y  and  y'  are  a"bsolutely  continuous;  y  and  -y^'  +  q(x)y  "belong  to  L  (0,oo); 

y(0)  =  0;  and  lim  W  [y,v)/(x,X^)3  =0  where  V/^[u,v]  =  u(x)v '  (x)-u' (x)v(x). 
X— >oo 

Suppose  that 
y(x)  =  R(X^,L)f  =  ^^,ix,\)/^   0(y.X^)f  (y)dy  +  j6(x,x^)  //n'(7.X^)f (y)dy. 


where  f  e  L  (0,co).  Then  clearly  y  and  y'  ere  a"bsolutely  continuous; 


<' ,r»»m«Bi|iiitji„  iijj,  I   - 
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y  and  -y  "  +  q(x)  y  =  f  "belong  to  L,'-'^'  °°^'  ^^''^   ^^^^  ~  '^'     -^i^^lly 

w^  li'.vU.xJ  =  w^  &(x.Xq)..v(x,Xo)I1  \  ii5(y.x^)f (y)dy 

=  CH-W^  Ii5(x,Xo).v(x.Xo)Il  4  v(y,X^)f  (y)dy  -»  0, 
since  V  {^^ix,\    ),v(x,X  )2]  =   '-^  D^(^»X  ),h/(x,X  )^  is  constant. 

Hence  if  y  e  D  then  y  satisfies  the  conditions  of  the  theorem.   Conversely  if 
y  satisfies  the  above  conditions,  we  then  set  f (x)  =  X  y  +  y"  -q(x)y  (which 
"belongs  to  L-CO,  oo)  by  assumption)  and  uCx)  =  Il(X  ,L)f .  Then  for  w  =  y  -  u 
we  hflve 

X  w  +  w"  -  q(x)  w  =  0 


0 

(15) 


w(0)  =  0 


lim   W  Hw.  vU.X  )I1  =  0. 
z  ->oo 

Since  v;(0)  =  0  and  w  satisfies  the  homogeneous  equation,  it  follows  that 
w(x)  =  a  0(x,X  ).  However 

0 

Wy_  Cw.  vU,Xq)3  =  \  n0(3:;X^),  0(x,X^)  +  mjix,\^)2    =  c  ->  0 

means  tVt  w(x)  =  0  Pnd  hence  ttet  y  is  in  the  range  of  R(X"^.L)  (tlif.t  is,  in  D), 
This  incidentally,  proves  that  R(X  ,L)  satisfies  Eq. (13).  finally  we  note  that 
the  conditions  of  the  theorem  are  satisfied  by  the  functions  y  such  that  y(0)  =  0 
and  y,  y',  and  y*'  are  absolutely  continuous  and  all  vanish  outside  a  finite  inter- 
val.  Hence  these  functions  lie  in  D;  and  since  they  are  dense  in  1^(0,  oo)  then 
by  our  definition  L  is  a  well-defined  operator, 

Theorez:  2.2.  The  resolvent  E(X,L)  exists  for  all  Im(X)  >  0  and  is  given  in  the 
Tisual  way  by  (11). 

It  is  clear  that  if  the  range  of  R(\,L)  is  contained  in  D  then  (2)  will  be 
satisfied.  Let  f  e  1^(0,00)  and  set  y  =  R(X,L)f  in  Eq.  (11).   It  is  again  clear 
that  y,y*   are  absolutely  continuous,  that  y  and  -y^'  +  q(x)y  belong  to  12(0,00), 
and  that  y(0)  =  0.  Finally 
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V^  [y.  h;(x,X^)  ]  =  W^[v(x,\),v(x,\^)  ]   r  ()(y.X)  f(y)  dy 

-'o 

+  W^  |^()(x,X),v(x,\q)  J  [   vt/(y.X)  f(y)  dy. 

z 

Now  in  the  limit  circle  case  toth  f   (J(yiX)  f  (y)  dy  — ^  limit  and 

7   v(yiX)  f  (y)  dy  —4  0.  We  now  make  use  of  two  results  due  to  Titchmarsh  [5]  (d   22  V 


namely, 
(16)  . 


lim   W^  [vk(x,X),  m/Cx.Xq)]  =  0 


CO 


and  (  [5]  P. 19.  Eci.(?.1.2))  th-^t  W  Zf)ix,\),  ^u{x,\    T\ 


is  'bounded;  it  then  follows 


that  lim  W   T  y(x),  vyC^t^  )  |  =  O-   Hence  the  range  of  E(X,L)  is  contained  in  D. 

We  note  that  hy  interchanging  the  roles  of  X  and  X,  the  same  argument  shows  that 
D  is  contained  in  the  range  of  R(X,L)  and  hence  the  two  are  eqioB-l.  Now  suppose 
y  e  D.  Then  it  follows  thrt  there  exists  an  f  e  L^CO, co)  such  tb^t  y  =  E(X,L)f. 
Hence  (XI  -L)y  =  (XI-L)R(X,L)f  =  f;  and  this  proves  tha.t  R(X,L)  satisfies  Eq.  (3) 
and  is  therefore  truly  the  resolvent  of  L. 

For  Im(X)  >  0,  therefore,  the  resolvent  of  L  exists.   Hence  cr(L),  the 
spectrum  of  L  is  limited  to  the  lower  half-plane  (here  z   is  in  the  lowor  :-„-.lf- 
plane).  We  shall,  in  the  appendix,  show  "by  example  that  o-(L)  need  not  "be  limited 
to  a  strip  parallel  to  the  real  axis.  We  nov/  prove 

Theorem  2.3.   |1r(X,L)  jj^  [lm(X )]"■"■  for  Im(X)  >  0. 

By  choice  m(X)  is  a  point  in  C   (X)  and  hence  in  C,  (X).   Hence  there  exist  two 
points  ^(X,"b,z.  )  on  the  perimeter  of  C,  (X)  (here  the  z.  are  real)  such  that 

(17)  m(X)  =  <<1(X,  ■>),  z^)  +  P  1(X.  h,  2^) 

where  a,  g  >  0  and  a+  P  =  1  (fixed  X).  Since  the  operators  corresponding  to 
^(X,  h,  z.)  are  self-adjoint  on  Lj,(0,'b),  the  resolvent  operators 


Titchmarsh  actually  proves  only  that 

lim  W   n\i/(x,X),  u'(x,X  )|]  =  0  where  /(X,h  ,z)  ->m(X).   However  sin 


ce 


n—^CD     n 


^'  [w(x,X),  ^i/(x.\  )]  =  W  [m/(x,X),  ^u(x,\)']   +    (^-X^)/^  v(s,X)  v(s,X  )d 
converges  to  a  limit  as  x  ->oo  in  the  limit  circle  case,  (16)  follows. 


■ry  i.'iiiipiii3Tjig)H»»^i 


Batisfy  the  inequality  _      _  ^ 
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(18)    R.(x,i^)  f  =  r©u,\)  +  i(\.b,z^)0  (x.\)  ]  f  ()  (y,\)  f(y)  dy 

+  (JU.^)  4  [e(y,\)  +i(X.b,z^)  ^(y.X)]  f(y)  dy 
llR^(X.I^)  11<  [lin(X)]-\ 


If  f  c  L„(0,oo)  and  vanishes  for  x  >'b,  then  "by  (1?)  and  (18)  we  see  that 


Hence 


R(\,L)f  =  -<R^(\,I^)  f  +  3  ^2  ^^'   h^^' 

H(X.L)  f  11^  -^11  +  R^(\,  I^)f  II  +  P  II  ^^{■K,\)f    lUll  f  11  /lm(X), 


-1 


Since  this  holds  for  all  h,  it  follows  that  11r(\,L)|1_^  [lin(\)  J~^ 

3.   Comr.letely  continiio"'j.5  resolvents, 

A  linear  hounded  operator  is  said  to  "be  completely  continuous  if  it  takes 
bounded  sets  into  co^ipact  sets.   It  frequently  happens  in  prohlems  of  the  sort  we 
are  considering  that  the  resolvent  is  a  completely  continuous  operator.  This  is 
the  situption  for  instance,  in  the  limit  circle  case  or  for  a  self-adjoint  oper- 
ator with  a  pure  point  spectrum  whose  only  point  of  condensation  is  infinity. 
We  shiSll  now  investigate  the  spectral  theory  of  operators  having  a  completely 
continuous  resolvent,  Vfo  shall  show  th?.t  such  operators  have  a  pure  point  spectrum 
whose  only  point  of  condensation  is  inf  inity^  and  we  shall  develop  the  "beginnings 
of  an  elementary  divisor  theory  for  such  operators. 

Theorem  3»1»   If  H(X  tL)  is  completely  continuous,  then  so  is  R(X,L)  for  all 
X  €  P(L). 

This  follows  directly  from  the  first  resolvent  equation 
R(X,L)  =  R(X^,L)  +  (X^  -  X)  R(X^,L)R(X,L), 
since  the  product  of  a  completely  continuous  operator  and  a  hounded  linear 
operator  is  completely  continuous,  and  the  sum  of  two  completely  continuous 
operators  is  likewise  completely  continuous. 

Theorem  3»2.   If  R(X,L)  is  completely  continuous,  then  L  has  a  pure  point  spectrum 

{Xj}  ,  and  if  there  are  infinitely  many  points  in  the  spectrum,  then  limlx^^l  -  oo 

Let  X  e  p(L).  Then  hy  the  F.Riesz  theory  (see  Banach,  [Y]  ,  Chap. 10)  the 

inverse  operator  Tl  +  (X-X  )R(X  ,  L)~l~  exists  at  all  hut  a  set  of  isolated 
.  -       >-  ^   0    0    -^ 

points  ■I  X  L   Corresponding  to  each  X  there  is  a  finite  set  of  linearly  independent 
I  r.)  n 

vectors  x^ 

1 

(  i  =  1,  ....  k  )  which  span  the  null  space  of  [^  I  +  (X  -  X  )  R(X  ,L)^, 


Hence 

(19)  R(\  ,L)  xj  =  ^ x"!  i  =  1.2 k 

0    n 


80  that 


cj  =  (>^o^  "  ^  ^  S(X^,L)  xj  =  (X^I  -  L) 


n 
^1 


0       n 


and  finally 

(20)  L(3cJ)  =  '^n  3cJ     .  i  =  l,2....,k^. 

Conversely,  if  (20)  is  satisfied  then  we  can  retrace  our  steps  and  obtain  (19). 
Finally  for  X  distinct  from  the  X^^'s 

R(X)  =  R(X^,L)  [l  +  (X  -  X^)  R(X^,L)  1"^ 

0      L  0       0     J 

is  easily  shown  to  "be  the  resolvent  for  L  at  X.  Hence  the  points  |  X  ^  constitute 
the  point  spectrum  for  L  and  all  other  points  belong  to  the  resolvent  set  of  L. 

Theoren  3«3«   Suppose  R(X,L)  is  completely  continuous  and  that  Xq  e  ct-(L).   Let  M. 

"be  the  null  space  for  the  operator  (X  I  -  L)  .  Then  M.  is  of  positive  finite 
dimension  and  there  exists  a  k  >  0  such' that  M.  =  M.  for  all  i  >  k  whereas  M. 

contains  M.  ,  as  a  proper  subset  for  i  <  k.  " 

Since  R(X,L)  is  analytic  for  X  -c   p(L)(see  Hille,  [3],  Theore:?.  5.9.2),  the  integral 
/R(X,L)dX  on  a  rectifiable  path  C  converges  in  the  -uniform  operator  topology 

and  is  therefore  the  limit  in  this  topology  of  finite  sums  of  completely  continuous 
operators.   It  follows  that 


E=   2^/r(>^.L)  dX 


2ui     .g 

is   itself  completely  continuous.     Since  S  is  also  a  projection  operator   (see  Hille, 

[3J   Theorem  5.11.1)  every  bounded  subset  of  the  range  must  be  compact,  and  hence 

(see  Benach,    [ij  p.   8^^)   the  range  M  of  E   is  finite  dimensional.   Now  let   C  be  a  circle 

about  X     containinfT  no  other  points  of  cr(L).   For  all  y,   IE  exists    (see  Hille,    [3] 
0  - 

p. Ill),  and  lEy  =  ELy  for  all  yeD.   Thus  D  >  M  and  LE  =  EL  on  M.     We  set 

L     =   IE 
0 


R    (X)  =  E  R(X,L)  =  R(X,L)E  . 


Then 


(XE  -  L   )  R   (X)   =  R   (X)    (XE  -   L   )   =  E. 
00  0  o 

Thus  relative  to  M,  Rq(X)  is  the  resolvent  of  L  . 


■  WlWiiJiTH!    .1     m^w>m »■     ■..».,      1 11  ■■,.■■■>■■.  ..    ■,„    '■■iwwiwi-M»i»iii«iiw,«»j  iii,ww,^a..i,,,iawpjpi^<^»^^^p^^,B,,ipa^^,^j^j^y)|.,ryillBB^(-; 
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Further,  as  Eille  shows  ([3],  Theorem  5.10:i),  the  only  sin^'lr.rity  of  R  (\)  is  \ 

00" 
Thus  L^  takes  M  into  M  and  has  \^  as  its  entire  spectrum.  Since  M  is  finite  dimen- 
sional, the  conclusions  of  our  theorem  are  valid  for  L  on  K,  and  since  X  is  the 

0  0 

only  spectral  point,  M^  =  M.   Suppose  that  for  some  y  e  P  (\  -L)y  =  w  c  M.  Then 

(X^  -  X)R(X.L)y  +  y  =  P.(\,L)  H  (^o-^)y+ (>^-I')yIl  =  RU.L)w. 
E(X,^;w  "belongs  to  M  and  hence 


\>  0  L>  l'         O 


dX 


=  E  y  +  vector  in  M.  •  ^ 

Thus  y  itself  helonf-s  to  M.   Consequently  if  (X  I  -  L)  y  =  0  €  M,  then 

(X  I-L)  """  y  e  M  and  hy  induction  y  e  M.   Hence  all  of  the  suTsspaces  M  are  con- 
0  1 

tained  in  M  and  the  theorem  is  then  a  consequence  of  its  validity  for  L  in  K. 

o 

Corollary.  Under  the  hypothesis  of  Theorem  3.3.  l-L  is  the  ran^-e  of  the  projection 
operator 

E  =  -^    ^   R(X.L)  dX 
vhere  C  is  a  circle  ahout  X  containing  no  other  spectral  points  of  L. 

h.     Perturhation  theory. 

Some  differential  operators  may  he  treated  as  pertur^bations  of  previously 

discussed  operators.   In  particular  suppose 

L^Cy)  = -y"+  qQU)y       •         c  <  x  <  00 


y(o)  =  0 

lim  [<<y(x)  +  Py«(3c)  ]  =  0 


X-*  00 


where  q   (x)   is  real  valued.      Let  q^  (x)  "be  'boaanded  and  real  valued  in  the  region 
0  <  X  <   00  .      Then  the  operator 

L(y)  =  -y"+   [%M  +   i  (l^Ml   V 

y(0)  =0  . 

lim  [o<  y(x)  +  Py»(x)  ]  =  0 
X-*  00 
can  he  trerted  as  the  sun  of  L  and  the  boionded  linerr  operator 
A(y)  =  i  q,  (x)  y(x).  Before  elaborating  on  this  we  prove  a  relevant  theorem. 


Theorem  ^.1.   Let  L  "be  a  closed  linear  operator  and  let  A  be  a  bounded  linear 
operator.   If  ||  E(X^,L^)11  <  ||  AJj  "^  then  E(\^,L  +  A)  exists  and 

llE(X^,L^+A)!l<  a  R(\^.lJ1/  [i-!1  All  llE(X^,L^)in.  Purther  if  E()..L^)  is 

coapletel7  continuous  then  so  is  H(\,L  +  A). 

o 

L  +  A  is  clearly  defined  on  D(L  ).   It  is  tm.   easy  matter  to  check  that 

L  «=  L  +  A  is  linear  and  closed  on  D(L  )  which  we  now  take  to  be  the  domain  of 

0  ^0 

definition  D  of  L  as  well.  We  proceed  to  conotruct  E(X.  ,L).  How 

{\I  -(L     +  A)"]    E(X    ,L   )     =   I  -  A  mX.L). 
Lo  ojoo  00 

Since 

(21a)      llAE(X^,L^)l|   <  ||a||  ||e(\^,L^)11   <  1. 

it  follows  that   fl  -  AE(X  ,L  )~1~"''  exists  .  In  fact 
*-  o  0  -■ 

(21)     Li- AE(x^.L^)j--  =  E  Lm\,\)T' 

n=o  ' 

03 

Hence  R  =  R(X^,L^)  ^Z  II-'^(X^,L  )^'^  is  a  right  inverse  for  X  I  -  L.   Since  the 

0     - 
range  of  [_  I-AE(\  ,L  )J   'is  the  entire  space,  the  range  of  R  coincides  with  the 

ran^e  of  R(\  ,L  )  which  is  D,  Thus  given  y  c  D  there  exists  awe  L^(0, oo)  such 

that  7  =  Rw.  Finally  (XI-  L)y  =  (x  I  -  L)Rw  =  w  and  hence  E(X  I-L)y  =  Rw  =  y. 

0  0  0 

Thus  R  satisfies  Eq.  (2)  and  (3)  and  is  therefore  the  resolvent  of  L  at  X  .  From 

0 

(21)  we  see  that 

(32)      II      [l-AHU^.l^)]-^||<f  II    [^(VV]°llgl-||A||      !|H(>.^.I^)|| 

The  required  nonn  inequality  follows  from  (21&). 

The  fact  thr,.t  R  is  completely  continuous  follows  from  the  fact  th/jt  it  is  the 

product  of  a  completely  continuous  operator  R(X  ,L  )  and  a  bounded  operator 

i:i-iiP.(x^,L^)j-^ . 

Corollary  1.   If  L  is  self-adjoint  and  A  is  bounded  linear,,  then  the  spectrum  of 
L  =  L  +  A  is  confined  to  the  strip  |lm(X)|  <  j]  A  j  |,  and 

ilR(X.L)  11  <  C|lni(0|-||AlG"^  for  |  Im(X)  |>  ||  A  1|  . 

This  is  an  immediate  consequence  of  the  e.bove  theorem  and  the  fact  that  for 
self -f.d joint  operators  L  ,  H  R(X,L  )  H  <  1  Im(\)  1""^. 

In  a  similer  way  we  obtain  the  , 


Corollary  2.  Let  L  "be  closed  linear  and  A  ■bounded  linear. 

If  further, the  resolvent  of  L  exists  for  Im(X.)  >0  and  therefore  satj-j-^ipF:  the 

}  )  0 

Inequality   ||  Il(\,L  )  ||  <  [imCX)]**      ,   then  the  spectrum  of  L  =  L     +  A  lies   in 

the  half  plane   Ia(X)  <  j]  A  |1    and 

11r(\,L)|1<  [jnM  -   11  A  11  ]-^  for   Ii.(X)  >  H  A   H   , 

These  corollaries  have  immediate  application  to  the  differential  operators 

which  we  dealt  with  in  section  two.   In  the  limit  point  case  we  obtain  "but  one 

operator,  regardless  of  the  boundary  condition  at  infinity  and  this  operator  is 

} 

self -adjoint.   In  the  limit  circle  case  a  variety  of  operators  can  he  obtained. 
Those  corresponding  to  boundary  conditions  z  in  the  lower  half -plane  have 
resolvents  which  satisfy  the  conditions  of  corollary  2  by  Theorem  2.3. 

We  close  this  section  with  a  theorem  which  shows  how  the  spectrum  and  tlie 
null  spo-ces  of  I  -  L  vary  under  small  perturbations. 

Theorem  ^.2.  Let  L  be  a  closed  linear  operator  with  a  completely  continuous 
0 

resolvent.   Let  A  be  a  one  parameter  family  of  bounded  linear  operators  such 

that  II  A  1 1  ->  0  as  e  ->  0.   L  =  L  +  A  .   Let  X.  belong  to  cr(L  )  and  set 
"  c  e    0    €       0  0 

E  =  —-r    f   B(\,L  )  d\ 
e   2TTi  «/,   ^  '  e' 

where  C  is  a  circle  about  X  containing  no  other  point  of  or-(L^). 

o  o 

Then  as  e  ->  0,  C  will  eventually  contain  points  of  cr  (L  ),  He  -  E  H  ->  O.and 

dim  (E  )  =  dim  (E  )  for  c  sufficiently  small. 

€0 

As  we  have  already  seen  in  Theorem  ^.1,  when  Ha.  H(\,L  )!  <  1, 


?.(\,L^)-R(X,L  )  =  R(\,L  ) 

0         C  0 


^     1 


00  -,r.~\ 


and  hence 


11  H(X.L^)  -  E(X.L^)11<    IU,H(X.L^)||-Hh(X.L^)||   ^ 

Now  R(X,L  )  is  analytic  on  C  and  hence  its  norm  is  bounded  on  C.   It  follows 

that  for  sufficiently  small  e,  |1  A  R(X,L^)|1<  1  on  C  and  that 

II  R(X,L  )  -  R(X,L  )11  ->  0  as  c  -^0  uniformly  for  X  on  C.   It  is  therefore  clear 

that  |!  E  -  eII  ->  0  as  e  -^  0.  The  dimension  statement  is  an  immediate  consequence 

of  the  following  lemma*. 

Lemma.   If  E- ,  B-  are  finite  dimensional  projection  operators  such  that 


!1e^  -  BglK  1.  then  dim  (E^)  =  dim  (E^).  " 


Proof.      Suppose  that  dim   (E^)  =  n  >  dim   (3^).     Then  there  exist  vectors 
X,,  Zp,...,x     which  span  the  range  of  E^    such  that 

II  Sj^ll  =  1  and   II  X    -  ^    ax     1|  >  1  for  all  possible  choices   of  the  a   . 

i<3c 

Now  X.    =   E^(x.  ).   Set  y.  =  E  (x.  ).   Since  "by  assiimption  dim  (£„)  <  n,  the  y  s 
will  not  be  linearly  independent  so  that  for  some  k,  y,  =  ^  ^i^i*  ^^°* 


i<k 


i<k  i<3c 


=  \(\  -  Z  Vi^  -^  (^2  -  ^1^^=^  -  ^  Vi^- 

i<3c  i<Oc 


Therefore 


0=  lly^-Z  a.yjl>l|x^-g  a^xjl-  He^-EJI  H  x^^  -  ^  VJ1>0  j' 
i<3c  i<k  i<3c  * 

90  that  our  assumption  about  dim  (E  )  must  have  been  false.   In  a  similar  way  we 
show  that  dim  (E  )  <  dim  (E^). 

5.  Representation  theory. 

One  of  the  more  useful  properties  of  self-adjoint  re^nils.^  operators  is  the 
completeness  of  the  associated  set  of  eigenfunctions.  This  permits  the  expansion 
of  arbitrary  functions  in  Lp  in  terns  of  the  eigenfunctions.   In  the  singular  case, 
it  is  possible  to  represent  the  functions  in  L-  by  means  of  an  integral  in  which 
wave-packets  now  play  the  role  of  eigenfunctions.   In  this  section  we  shall  make 
a  few  beginnings  in  this  direction  for  the  non-self-adjoint  operator. 

Theorem  5.1.   If  L  is  a  closed  linear  operator  such  that 

|1r(X,L)11<  [lm(X)  -  uj]"-'-  for  Im(\)  >  UJ,  then 

y  =  ^  /     R(X.L)y  dX 

for  each  y  €  D  and  V  >  uj.  For  sn  arbitrary  y  in  L„  the  above  integral  is 
Cesaro-summable  to  y. 

If  y  €  D  then  R(>.,L)(\I  -  L)y  =  y 
and  hence 

It  is  clear  that   -  — r  /       r   dX  =  y.    Farther 

Tri  J...  K 

iV-oo 


'  ^<'  .»f  urn.  iw>G»w»w>i-i— 


"'W'Mmrm.nwn.ip^vmmmmm^ri'  mmii^,',mi»    "iC,,',,,  ',   '—„...  ...■.■-■.-.|.>,^(rr-,.,^j,_.,-7;  ,  'n- -vit'tt^i^A^ 


J  S(X.L)L(y)  ^^  ^  J     R(\.L)L(y) 


iV_a     X 

where  C  is  a  semi-circle  with  radius  a,  center  iV,  and  end  points  (iV  ='^  a). 
However 

0  O 

which  converges  to  zero  as  a  ->oo.  The  fact  that  the  integral  is  Cesaro-siuniiiaTjle 

to  y  for  arl)itrary  y  follows  ironi  tlie  fact  tiiat  -IL  is  the  infinites iasBl  generator  ' 

for  a  seai-group  of  linear  hounded  transformations  (see  Hille,  \S[  ,   Chap.  12)  and 

hence  the  inverse  laplace  transform  is  Gesaro-summs'ble  (see  Hille,  [_3J Theorem  11.7.2). 

This  is  as  far  as  we  have  "been  shle  to  go  in  the  general  case.   If  we  further 

restrict  R(\,L),  we  can  go  a  hit  farther. 

Theorem  5.2.  If  R(\,L)  satisfies  1|E(X,L)11<  [  llm(X)|-  u^"^  for  llm(X)|  >  cu  , 

and  if  there  exist  vertical  lines  (Ile(X)  =  a  where  a  ->  ±  oo  v,'ith  n)  alcn.<- 

n  n  '  -w.- 

w:.ich  R(X,L)   is  uniformly  "boionded  in  n,   then  for  y  e  D,E    (y)  ->  y  where 


n 


u 
and  C     is  a  rectangular  path  "bounded  hy   lEe(X)|    =  V  >«»  and   Im(X)  +  a+ 


n.     2TTi  ,_ 


As  in  the  proof  of  the  previous  theorem 


1 

2ni 

/        +  /      R(X.l)y  dX 

•^-Yi+a       -^  Vi+a 
_       -n          n           -J 

as  n  -Voo.   On  the  other  hand 

a„+; 

LY              ^a  +iV 

->  y 


f^  R(X.L)y  dX  =/  ""   Ty    E(X.L)L(y)] 

K  -iY  -4 -iY    Lx  X    [^ 


which  clearly  goes  to  zero  as  |n|  -^  oo  hecauae  of  our  houndedness  hypothesis  on  R(X,L), 

An  application  of  theorem  5.2  is  the  following.   Suppose  L  is  a  self-adjoint 
operator  h&ving  gaps  in  its  spectrum  of  length  greater  than  or  equal  to  b  and  that 
these  gaps  occur  outside  of  every  finite  interval.  Now  let  A  he  a  hounded  linear 
operator  of  norm  ||A  ||<'b/2.  Then  along  the  vertical  lines  through  the  midpoint 
of  such  a  gap,  H  E(X,L^)11  <  2A.  Hence  hy  Theorem  ^.1,  |1e(X,L^  +A)11<  ^  _  2||A|'r 
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alcng  each  of  these  vertical  lines.  The  remaining  condition  of  Theorem  5.2  is 
satisfied  hy  Corollary  1  to  Theorem  ^.1.   If  in  addition  R(\,L  )  is  completely 
continuous,  then  a^Ain  hy  Theorem  h,l   R(\,  L  +  A)  is  completely  continuous.  The 
aliove  theorem  then  shows  that  we  can  expand  an  arbitrary  y  e  D  in  terms  of 
functions  which  for  some  X  and  k  are  in  the  null  space  of  IX-(L  +A)j  . 

6.  Ap-pendix.  \!e   conclude  this  paper  with  an  example  of  an  operator  L  for  which  cr"(L) 
is  not  contained  in  any  strip  parallel  to  the  real  axis.   L  is  of  the  form 

L(y)  =  x^  [-y"+  y  ]  1  <  X  <  00 

(23)      y(i)  =  0     ■     • 

lim  fy'U)  -  i  y(x)  1  =  0, 

x-^oo 

and  L   (^»   <»>P)  ^^   ^^®  weight  function  P  =  l/x^.  By  a  suitable   transformation  this 
operator  may  "be  liut  in  the  usual   form    (-y"+q.(x)y)   on  l-pCO*  o^)  with  v;eight  fijnction 
1.      Hov;ever  the  form   (19)   is  more  convenient  for  our  purj^oses.      The  solutions   of 
the  homoreneous   equation 

(2^)  ^y  +  yo.  y  =  0 

are 

« 

(25)      J^   (x)  =  ^^  J^   (x).  and  n^(x)  =^   ^Jy.) 

where  J  and  IT  are  the  Pessel  and  Neumann  functions  of  order  u  and  \  =  -(u  -  l/^). 

These  functions  are  "bounded  in  x  and  hence  "belong  to  L2(l,co  ,  P).  We  are  therefore 

in  the  limit  circle  case.   As  we  hs.ve  seen  in  section  three,  this  means  th^t  we 
have  a  pure  point  spectrum  [\  j  which  may  contain  a  finite  or  denumerahly  infinite 

set  of  points.   In  the  latter  case  |X  |  — 7cx)  with  n. 
It  turns  out  that 

0(x,X)  =  J'^(l)  n^(x)  -  n^(l)  ^^(x) 

^(x.X)  =  Jy(l)  n^(x)  -  n^(l)  jy(x) 

h'(l) 
m(X)  =  -  JL^     ■         • 

v,(x,X)=-^^ 
h  (1) 


(26) 


^smmrn^mamfrnm 


where 


h  (x)  =  J  (x)  +  i  n  (x)  =  ^/^  H^^^x). 


Hence  the  spectral  points  of  L  are  the  zeros  of  h  (l)  and  therefore  the  zeros  of 

the  Hankel  function  of  the  first  kind  K^   (1).   We  first  prove  the 
leimna  1.    h  (1)  has  an  infinite  numher  of  zeros. 
Let  , 

(27)  u^(x)  =/|"  e  -^  f  ("^^Z^)  h^(x)  for  X  =-(1;^  -  l/h). 

Then  tL  (x)  "behaves   like  e       for  large  x  and  hence  satisfies  the   integral  eq.-uation 

00 

(28)  u^(x)  =  e^^     '*'  ^  /       sin(x-t)     Uj^(t)  dt  . 

Since     '>i^  (s)    is  "bounded  for  x  >  1    ,   we  obtain  "by  successive  approximations  the 
relation 

ix       ,     r°°     sin(x-t)  it    ,^ 

.       .  ^     .         __;       e       at 


(29)  \(^)     =    e  +    ^     /  \ 

^^2yP°  Bin(x  -  t^)         r  Bin(t^-   t^^) 

<  2     5 /  1       r e      •^+... 


t^  t2  t^ 

^2  *1 

Since    |    sin&|    is  "bounded  "by  one,    it    is*  easy  to   show  that 

lu,(x)<l   ^l^^^l   ^MlliK   ... 
IJ  2J 

It  now  follov;s  that  u>  (l)  is  an  entire  function  in  X.  of  exj-onential  order  ^  1, 
Thus  if  u.  (1)  had  only  a  finite  num"ber  of  zeros,  Hadamard  (see  Copson,^2]p.  166) 

has  shown  th^rt  it  mast  be  of  the  form 

a\        ^ 


u^(l)  =  e*"^    2!   \  ^       ^^®^^  (^N  ^  °^  • 
0 


Now 


and  "by  a  well  known  difference  relation  for  Bessel  functions 

H  ,  (x)  +  H^T  (x)  =  —  E  (x)  , 
iv-1        W-1         X   u 


Eence 

.,3a(u2-2.-H3/^)  Y:1.{.^-Zv.   3/kf 


0   » 

N 
+  i3a(u2  +  2y  +  3/^)  H   t^d'^  +  2J  +  3/^)'' 


0 


n 


For  Se(a)  =  0,  we  divide  throti^h  "by  v  and  let  u  -^  co .   This  gives  t  =  0 

contrary  to  assumption.   If  ^Ea(a)  >  0,  ue  divide  through  "by  y  e         and 
pass  to  the  limit  as  i?~->  oo  .   This  ^ives  io    "b  =  0  again  contrary  to 

assumption.  Finally  if  Re'?)  <  0,  v/e  divide  through  "by  i?   e     ~     and 

a  3/^ 
pass  to  the  limit  obtaining  -ie    "b^  =  0.   Thus  in  each  possible  case  we 

obtain  a  contradiction  and  hence  o-or  assumption  that  h  (1)  has  a  finite  number 
of  zeros  must  be  false. 

It  follows  that  H   (l)  likewise  has  an  infinite  set  of  zeros  \  v   \   and 
since  it  is  entire  in  v   ,  these  are  isolated  points.  Thus  \v  \    -^oo.  We  now 
wish  to  localize  these  a  bit  further  and  to  show  in  particular  that  Im(\  ) 
Im(\  )  =  Im^-tf  +  -T  ^  ->  -  00  .  By  the  definition  of  u^(x)[28ee  (27)]]we  have 

-II   _        \ 

v.       +  u.  =     n  — 

u^  (1)=  i^  (1)^0. 
"        n 


Hence 


00         _     ,-  00  , ..   2 


n    a      n    n  -^  /    x-  dt 

1  i      ^^ 


end  therefore 

2 


im(x^)  /   '\\  r 


2i  =  -  21 

dt  . 
2 
t 


'i.U'iia—jP'Tiwn'"""*  ■■■■■■"■■— '■■'*    I  ■■■>..  ■.■^■,, ■^■»Mi^m^  M..i»n>i,  III  ^  u-^f^m^^n-       iin>i«>;^Wi)w»>ii»^iiji|i  wn»i»'a"<w'»^'»«wwi.TOiri.«i 


Thus  I:n(X  )  <  0.   This  confirms  our  previous  theory  that  ctCL)  lies  In  the  lower 
n 

half-plane  if  z  (here  z  =  -i)  lies  in  the  lower  half -plane. 

Now  Iiq(\)  <  0  corresponds  to  the  first  quadrant  in  the  u-plane.  We  shall 
show  that  the  strips  (a)  Eu.(i?)  >  0,  0  <  Ie(i?)  <  l/2  and  Cb  )   0  <  Ee(y)  <  l/2, 

In(u)  >  0  each  contain  only  a  finite  numher  of  zeros.  Translated  into  the  \-plane 
this  gives  the  desired  result,  naaely,  lim  Ln(X  )  =  -  co  . 


lenLT-a  2.  H   (1)  has  only  a  finite  numher  of  zeros  in  the  strip  P.e(u)  >  0, 


0  <  l2i(u)  <  1/2. 

To  obtain  this  result  we  make  use  of  a  relation  given  "by  Vatson  ^6]  ,  (p.  ^^5) 

r  ^ 

'""  K-.o    (2  X  sinh  t)   cosh    (2ott  +   3tt)   dt 

J  21  p 

0 

where   v  =  a,  +  ip.      It   is  sufficient  to  show  that 


Lc  =1       ^o.  -    (2  9inh  t)   cosh(2«<t  +  3tt)  dt 
f^p  2ip 

-'o 

is  positive  sufficiently  far  out  in  the  strip  (a,).   By  Watson  [s}  ,    (p. 181) 


h 


,  V    (^        -v.   cosh  E     0  04.  J4.    1   /^  -u  cosh  s/2g 
^g(u)  =      e    .      cos  23t  d,t  =  -2g      e        ' 


cos  s  ds  . 
o 


The  coefficient  of  cos  s  is  aonotonic  decreasing  and  hence  the  tail  past  3tt/2 


is  positive.   It  follows  that 

"72 


K  .   (v^  -^  ^   \    -'""^  ''"^^  ^/^^ 


We  ii.prove  this  inequality  if  we  replace  cosh  s/2P  hy  something  larger  in  (0,Tr/2) 
and  smaller  in  (tt/2,  3n/2),  for  instance  "by  1  +  Ys,  where  V  = ^ — ^ =— 


tt/2 

V/e  then  have 


3"/o 
Z^,  a(u)  >  •:^   1     e        cos  s  ds 


'21^''^'   "  23 


-21- 


-u 


2P 


>    - 


Vu 

(•^^l)^  +  1 

^  1 

2^     *  (vu)2  +  1 


-u 


1        e 


-u 


y-a 


2       2g 


(Vu)''  +   1 


-Vu 


>/2 


{yur  +  1 


for  u  <  1/7 
for  u  >  2/y  » 


Therefore 


'kS    > 


-I 


1/Y 


-u 


i/ 


00 


-u 


2/Y         2P  (Yu)'  +  1 


cosh    (2g<t  +   ptr) 


23  (Yu)^  +  1  V^  -^  u2 


Yu ^     cosh   (2ott  +   p-n) 


V  ^  +  u2 


du 


du 


where  u  =  2  slnh  t.        Sotting  v  =  Yu  =  2Y  sinh  t  and  sinh  t     =  l/2Y  ,      we  get 


cosh   (2« 


c\P r  1  coGh   (2  t  -^  g-n) 

2«t     +BTT)  '    -t  l-hr2         cosh   (2  to+   Ptt) 


dv 


i/ 


00 


.-v/Y 


1  -^  ^      Vl  +    (v/Y)' 


cosh    (2o<t  +    prr) 

cosh    (2c<.t     +    grr)  ' 


r  0  <  P  <  1/2   ,   Y     =  -  (cosh  tt/2  -  1)  <  Y.      Hence   in  the  strip    (a) 


0  TT 


2PY      I 


'KP 


cosh    (2c!Ct 


—  >-  r  -i 

+    Ptt)  J  1   + 


cosh  (2<=t  t  +Ptt) 
cosh  (2c\  t  +  Ptt) 

0 


dv 


*    I 


00 
r 


e-v/Vo  _^ 


^2 


1  -^  v^   Vl  +  (T/vj2 


cosh  (2g<t  -f  Ptt) 
cosh  (2'^  to  +  P") 


The  result  now  follows  from  the  fact -that  the  first  integrand  and  hence  the  first 
integral  converges  monotonically  to  zero  as  a.  ->oo,  whereas  the  second  integrand 
and  hence  the  second  integral  converges  monotonically  to  infinity  as  a->oo. 
Ieir!T.a  ?.  H^  (l)  has  only  a  finite  numher  of  zeros  in  the  strip  0  <Re(i;)  <  1/2, 
0  <  Iniv), 


•iT^mmv<sfwmi^^  »ff<i*» 
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Here  we  aiake  use  of  the  relation 

i  sin  im 


and  the  series  expansion  for  J^(z),  viz: 
00    (-1)  io) 


J>)=E    - 


E 


=0     m-    P  (j  +  E  +  1) 


For  large    l^l,    the  first   tera  in  J       dominates  the  reme.inder. 


In  fact 


E 

m>0 


1st  term 


<E 


/X\2m 


mXi     m     P 


m 


<  e 


m.,. 


?or  X  =  1  and  P  >  1,    this  rp.tio   is   less   than  0.3.      Hence   it  v/ill  be  s-'officient 
to  show  thrt 


lim 
p->oo 


1st   term   in  J      (l) 

1st   term   in  e        "  J^(l) 


uniformly  in  0  <  a  <  l/2.     This  rat>io   is 


=  0 


^a^  = 


2^/1  (-u^l) 


6-'-"^  2-^/1(^1) 


,2a 


l(-^l) 


}Tow 


(^1) 


l(-i><-l) 


"ra" 


IT 


1  +  (g/n+g)^ 
1  +  (P/n-a)' 


a 


X-^ 


Hence  E  „  ->  0  as  P  ->oo  uniformly  for  0  <  a  <  1/2. 

In  the  X  =  u  +  iv  plane  the  region  corresponding  to  the  strip  (a)  is  the 

lower  half  of  the  parabola  u  =  -  v  +  l/2  and  the  region  corresponding  'to  the 

2 
strip  ("b)  is  the  lower  hrlf  of  the  parabola  u  =  v  .  Since  all  "but  a  finite 

set  of  the  zeros  of  E   (l)  lie  in  the  lower  half-plane  outside  of  these  two 

regions,  it  follows  that  lim   Im(\  )  =  -  oo. 
•^    '  ^      n 

n— >oo 
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